INTRODUCTION
For some time, we have been interested in the unusual acoustics of the large orchestral gong, or Chinese tamtam.
• The sound begins with a dull, low-frequency thump which then, over a time of about 1 s, blossoms into a bright shimmering high-frequency wideband blaze of sound, dying away over as long as 10 s. It might, perhaps, be supposed that the sound is of wide bandwidth from the beginning, with the upper partials initially masked by the very large amplitude of the lower modes. Analysis of the sound establishes clearly, however, that there is a slow buildup and decay of radiated energy in the higher partials of the sound, while the energy radiated by the lower modes simply decays. This is shown quantitatively in the two spectra of Fig. 1 , the first of which refers to the sound immediately after the strike, and the sec- simpler gong (the Turkish gong described later) at its center and the spectrum of its radiated sound when struck in the center with a soft beater reveals that the sound contains a closer distribution of spectral peaks than does the linear mode spectrum. This observation could perhaps be accounted for by incidental excitation of nonaxially symmetric modes, but it is not clear that this is the whole explanation.
As a result of further studies, we are now able to report experimental and theoretical results that throw some light upon the phenomena responsible for the characteristic sound of gongs of this type, and perhaps. of orchestral cymbals as well. It seems to us to be worthwhile to report these results now, since a detailed understanding will probably not come rapidly.
I. GONGS AND CYMBALS
Gongs and cymbals exhibiting the effects in which we are interested--which means that we eliminate those gongs that are more nearly bells--all have more or less the form of shallow axially symmetric shells. The orchestral gong, or Chinese tamtam, which shows the effects in the most pronounced manner, is shown diagrammatically in Fig. 2 (a) . It is a very nearly fiat shell, 1-2 mm in thickness and about a meter in diameter, which is stiflened by a rolled-down cir- imparted to circularly symmetric low-frequency modes, by striking the central dome with a large soft hammer, is progressively transferred to modes having their maximum vibrational amplitudes near the periphery of the gong. The large Turkish gong, made by Avedis Zildjian and shown in Fig. 2(b) , is of much simpler geometry, but shows much the same vibrational phenomena. It is about 60 cm in overall diameter and consists of a shallowly dished spherical-cap shell surrounded by a wide conical flange. The shell material is bronze about 2 mm in thickness, and the depth of the dish is about 5 min. The whole gong is heavy and relatively rigid, and the striking hammer is heavy and only moderately soft. Observation shows that vibration is largely confined to the central spherical-cap shell, as is to be expected given the stiffness of a conical-shell flange. 2 Finally, the cymbal, shown in Fig. 2(c) , is again essentially a spherical-cap shell, 1-2 mm in thickness and with a depth of about 15 ram, in the center of which is a more deeply curved and somewhat thicker dome. In playing, such a cymbal is usually clashed against an identical partner in such a way as to excite edge vibrations, while other similar cymbals may be struck near their edges with hard sticks. In normal playing, the cymbal is supported at its center, so that circularly symmetric modes are not largely excited. It is, however, these modes with which this report is concerned, so that all our measurements were designed to excite and detect only the axially symmetric modes.
We have framed our discussion in terms of nonlinear coupling between modes that are essentially those associated with the ordinary small-amplitude linear behavior of the system. This approach is justified because the nonlinearity is small enough that, at least up to the onset of chaotic behavior, these modes continue to be identifiable, although their frequencies may be shifted and they may be accompanied by harmonics of their normal frequencies. The nonlinearity is, in all cases, associated with geometrical distortions of the structure rather than with elastic nonlinearity of the materials from which it is made.
II. MODE COUPLING
Because of the complicated geometry of these instruments, we initially carried out studies on simpler systems, with geometry similar to that of a cross section of a gong, in order to examine phenomena that might contribute to the sound produced. In particular, we showed that, both in the case of a taut string passing at an angle over a bridge of finite compliance 3 and in the case of a thin bar with two symmetrically placed kinks, 4 there is a nonlinear coupling which allows energy to be transferred from one mode to others at frequencies two or three times that of the original mode.
Our experiments in these two cases demonstrated that, if the string was initially excited so that the second or third mode had nearly zero amplitude, then the amplitude of this mode grew to a maximum after a time of about 0.1 s and then decayed. The maximum amplitude of the initially missing mode varied as either the second or third power, respectively, of the initial amplitude of the fundamental, though its maximum amplitude was always small. If the dimensions of the bar were chosen so that two modes had frequencies nearly in the ratio 2:1, then similar effects could be dearly observed.
The theory underlying these processes TM shows that we . may expect them to be present also in shells having sharp changes in slope, and perhaps under other conditions as well, and thus provides the beginning of an understanding of the mode-conversion process. In the case of the Turkish gong, the shell has circular symmetry, so there can be no coupling between circularly symmetric and angularly dependent modes. The rings of hammered bumps on the tamtam, on the other hand, destroy the circular symmetry and provide a mechanism by which circularly symmetric modes can couple to modes having the angular symmetry of the bump rings. This mode-conversion mechanism thus appears to be important in the generation of some features of the characteristic sound of gongs, particularly the high-frequency "sheen" which develops in the later part of the sound. In examining the individual resonances for nonlinear behavior at relatively large exciting forces, however, we discovered not simply a frequency shift but, instead, a catastrophic change in behavior. At a critical amplitude, and over a very small frequency range near the admittance peak, the periodic motion of the gong suddenly developed largeamplitude subharmonic components. The behavior was critically dependent on the frequency, amplitude, and immediate history of the excitation, but subharmonics of orders 2, 3, and 4 were easily evoked. Associated with these subharmonics were all multiples of their frequencies. Sometimes the number of peaks on the spectrum was so large that unambiguous assignment of fractional frequencies was not possible, and since the unresolved background intensity was also large, the motion might reasonably be described as chaotic. Subjectively, the sound produced by the gong when vibrating in one of these multiple-subharmonie modes was very similar to the fully developed after-ring of the gong when excited by a vigorous blow. The orchestral cymbal, when excited at its center, exhibited very similar behavior. Further insight into this phenomenon was obtained by measuring both the velocity and displacement of the center of the gong. The velocity was obtained by integrating the signal from a subminiature accelerometer (B&K type 4374) mounted on the gong, while the displacement signal was obtained from a capacitive transducer (B&K type MM0004) placed close to the gong surface. As a precaution, the gong was driven through a compliant spring, rather than directly by the shaker, so that its behavior would not be influenced by the nonzero mechanical impedance of that device. Figure 3 shows the orbit in phase space (displacement, velocity) of the characteristic point representing the center of the gong in a regime in which the subharmonic of order 2 has just become large. The basic orbit has a complex form, rather than being a simple ellipse, thus reflecting the presence of strong harmonics or order 2, 3, and higher. The orbit has, in addition, split into two, reflecting the presence of a strong subharmonic of order 2. The thickness of the traces for these two individual orbit components suggests further small-scale splitting, but this effect may be caused simply by motion of the gong as a whole on its supports.
A further study was made by strobing the intensity of the oscilloscope beam once in each cycle of the force, at a defined phase, thus producing a Poincar6 map of the motion. For a simple orbit, this map consists of a single point, while the map of the bifurcated orbit of Fig. 3 produces a pair of points. Maps with three points were produced in other cases, while, for a higher forcing amplitude, the map sometimes degenerated to a widely spread cluster of closely spaced points. This is indicative of chaotic behavior, and we might expect the Poincar6 map to exhibit the fine structure associated with a strange attractor. Our maps did not show any such structure, but this can perhaps be attributed to the presence of other unrelated small motions, such as the swinging of the gong on its supports. Figure 4 shows the region of (force, frequency) space in which various types of behavior were found for the gong. Each regime ofsubharmonic or chaotic behavior is narrowly defined in frequency and lies close to one of the primary linear admittance maxima of the gong, so that the vibrations in each regime are essentially independent and of different spatial distribution. This close correspondence with the admittance maxima is consistent with the view, which we explore later, that the bifurcation and chaotic behavior is better considered to be associated with large vibrational amplitudes rather than with large forces, although the two quantities are clearly closely related. The maximum amplitude achieved in the figure is less than 2 mm, which is only a quarter of the height of the shell. In the case of the cymbal, subharmonic behavior was observed for amplitudes around 1 mm, which is an even smaller fraction of the shell height.
Exploration of these phenomena showed also that there was considerable hysteresis associated with the onset of the subharmonic regime. Transition from the normal regime, once a power level had been set for the excitation, could take as long as several seconds, and the regime then persisted for many seconds if the excitation was reduced or even set to zero.
Clearly, a well-developed multiple-subharmonic vibra- 
